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Abstract 

We construct infinitely many two-dimensional Finsler metrics on 
and KD with non-zero constant flag curvature. They are all not locally 
projectively flat. 

1 Introduction 

In Finsler geometry, the flag curvature is an analogue of sectional curvature in 
Riemannian geometry. A natural problem is to study and characterize Finsler 
metrics of constant (flag) curvature. There are only three local Riemannian 
metrics of constant curvature, up to a scaling. However there are lots of non- 
Riemannian Finsler metrics of constant curvature, due to the non-Riemannian 
features of general Finsler metrics. The first set of non-Riemannian Finsler 
metrics of constant curvature are the Hilbert-Klein metric and the Funk met- 
ric on a strongly convex domain. The Funk metric is positively complete and 
non-reversible with K = —1/4 and the Hilbert-Klein metric is complete and 



reversible with K = — 1. Both metrics are locally projectively flat |0k][3hl|. P. 



Funk first completely determined the local structure of two-dimensional projec- 



tively flat Finsler metrics with constant curvature |Fkl|[Fk2]. R. Bryant showed 
that up to diffeomorphism, there is exactly a 2-parameter family of locally pro- 
jectively flat Finsler metrics on with K = 1 and the only reversible one is the 



standard Riemannian metric [Brl |Br2|. Later on, he extended his construction 
to higher dimensional spheres S" [Br3|. Recently, the author has completely 



determined the local structure of projectively flat analytic Finsler metrics of 



constant curvature in higher dimensions |3h4|. Our method is different from 
Funk's. 

The next problem is to classify non-projectively flat Finsler metrics of con- 
stant curvature. This problem turns out to be very difficult. The very first 
step might be to construct as many examples as possible. In 2000, D. Bao 
and the author first constructed a family of non-projectively flat Finsler metrics 



on with K = 1 using the Lie group structure of S'^ [BaSh|. Our exam 



pies are in the form F ~ a + P, where a{y) = aij(x)y^y^ is a Riemannian 
metric and /3(y) = bi{x)y^ is a 1-form. Finsler metrics in this form are called 
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Randers metrics |Ra|. Recently, the author has just constructed an incomplete 



non-pro jectively flat Randers metric with K = in each dimension |ph 



The main technique in [3h3| is described as follows. Given a Finsler metric 



$ and a vector field v on a manifold M, define a function F : TM [0, oo) by 



'i'(;p^-evpj -1, yeTpM. (1) 

where e is a constant, is a Finsler metric when e is small. An important 
relationship between $ and F is that their (Busemann-Hausdorff) volume forms 



are equal, dV^ — dVp |Sh3|. By choosing an appropriate Finsler metric and 
an appropriate vector field v, one obtains a Finsler metric F with the same 
curvature properties as $. 

In this paper, we are going to employ this technique to construct a family 
of Randers metrics on S with K = 1 and a family of Randers metrics on a 
disk ro (p) with K = —1 orK = —1/4. They are all not locally projectively 
flat. These examples show that the classification problem of non-projectively 
flat Finsler metrics of constant curvature is very difficult. 

Now let us describe our examples. Let $(y) = \/h(y, y) denote the standard 

Riemannian metric on the unit sphere and v denote the vector field on 
defined by 

Vp = ( - y, a;, 0^ at p = (x, y, G S^, (2) 

Define F : ^ [0,oo) by @). Then F = a + f3 is a Randers metric, where 
a = a(y) and f3 — /3(y) are given by 



e^h{v,y)^ + hiy,y)(l - e^h{v,v 



F is defined on the whole sphere for |e| < 1 and it is defined only on the open 
disks around the north pole and south pole with radius p = sin^^(l/|e|) for 
lei > 1. Note that when e = 0, F = $ is the standard Riemannian metric on 



Theorem 1.1 Let F ^ a + f] be any Finsler metric on S given in ^. It has 
the following properties 

(a) K - 1; 

(b) S = 0; 

(c) F is not locally projectively flat unless e — 0; 

(d) the Gauss curvature ^ of a is not a constant unless e = 0, ±1. When 
e = 0, K = 1; When e = ±1, K = -4. 
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According to Yasuda-Shimada| YaSh , if a Randers metric F ^ a + (3 is oi 
positive constant curvature , then (3 must be a Killing form of constant length 
with respect to a. However, P in (||) is not a Killing form when e =/= 0. Thus 



Theorem 1.1 is inconsistent with Yasuda-Shimada's result in dimension two. 



Similarly, let $(y) = \Jh{y, y) denote the standard Klein metric on the unit 
disk and v denote the vector field on defined by 

Vp = {-y, x) at p = (x, z/) e (4) 

Define F : TW [0, oo) by (0). Then F = a + P is a Randers metric, where 
a ~ a(y) and (3 = f3{y) are given by 



2/i(v, y)2 + h{y, y) (l - e^h{v, v)) ^^^^^ 



/3:=- , (5) 



F is a Finsler metric defined on the disk D (p) with radius p = 1/ \/l + e^. Note 
that when e = 0, F is the Klein metric on the unit disk. 

Theorem 1.2 Let F — a + f3 be the Finsler metric on the disk ©^(p) given in 
It has the following properties 

(a) K = -1; 

(b) S = 0; 

(c) F is not locally projectively if e ^ 0; 

(d) the Gauss curvature K of a is not constant unless e = 0. When e = 0, 
K = 1. 



According to Yasuda-Shimada |YaSh| if a Randers metric F — a + f3 is 
of negative constant curvature, then the Riemannian metric a is of negative 
constant curvature. However, the Randers metric defined in (|^) do not have this 
property when e ^ 0. Thus Theorem 1.2 is inconsistent with Yasuda-Shimada's 
result in dimension two. 



Besides the Klein metric, the hyperbolic metric can be expressed in many 
other for ms, such as the Poincare metric and the one arising from the proof of 
Theorem |l.l[ We can use them to construct many non-projectively flat Finsler 
metrics with negative constant curvature. See Remark 4.1 below. 



Finally, let $(y) = \/h{y, y) + h{u,y) denote the Funk metric on the unit 



disk D , where h is the Klein metric on D and u 



'^(x,y)^ is a vector field. $(y), y G Tp. 

y 



*(y) 



+ ped. 



(l-a;2 
is defined by 

2 



(6) 
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Let V denote the vector field on 
by d), i.e., 



defined by 



Define F : TB 



Fiy) 



Fiy) 



( y 

M u, — - 



F{y) 



fO,cx)) 



(7) 



Tlien F = a + /3 is a Randers metric on D (p) wliere p = 1/ \/l + e^. 

Theorem 1.3 Let F ^ a + (3 be the Randers metric on ]D)^(p) defined in 
It has the following properties: 

(a) K = -1/4; 

(b) S 

(c) F is not locally projectively flat unless e = 0; 
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(d) the Gauss curvature K. of a is not a constant unless e — 0. When e = 0, 
K = -1. 



Again Theorem 1.3 is inconsistent with Yasuda-Shimada's result in dimen- 
sion two, since a does not have constant curvature when e 7^ 0. 



In a recent paper by Bao-Robles | BaRo| , they characterize Randers metrics 
with constant curvature by three equations. Moreover, they use the technique 
in |Sh3 to construct two-dimensional Randers metrics with the Gauss curvature 
K = K(a:;) independent of the directions, a three-dimensional Randers metric on 
S"^ with K = 1 and a three-dimensional Randers metric on B'^ with K = — 1. We 
should point out that their example on S'^ is not equivalent to that in [BaSh| 



With the examples in paSh| [ paRot pi3| , now we have non-projectively flat 
Randers metrics with constant curvature of any sign in higher dimensions. 



2 Preliminaries 

Let F be a Finsler metric on a manifold M. In a standard local coordinate 
system (a;',?/*) in TM, F = F{x,y) is a function of {x^,y^). Let 

_ 1 21 

9ij - \yiyj 

and {g^^) :— {gij)~^ ■ The geodesies of F are characterized locally by 
where 
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The coefficients of tiie Riemann curvature Ry = R'^.dx^ (g) are given by 

^ dx^ dx^dy^ dyWy^ dy^ dy^ 

F is said to be of constant curvature K = A, if 

R\ = \[F^5l~FFy.y']. 



When F ~ aij [x)y^yi is a Riemannian metric, — Rj^ ,^i{x)y^ y'- , where 
R^\i{x) denote the coefficients of the usual Riemannian curvature tensor. Thus 
the quantity Ry in Finsler geometry is still called the Riemann curvature. 

There are many interesting non-Riemannian quantities in Finsler geome- 



try. In this paper, we will only discuss the S-curvature |3hl|. Express the 
(Busemann-HausdorfF) volume form of F by 

dVp = a{x)dx^ ■ ■ ■ dx^. 

The S-curvature is defined by 

da 



See [ Shi ] for a related discussion on the S-curvature. 



Randers metrics are among the simplest non-Riemannian Finsler metrics, so 
that many well-known geometric quantities are computable. 
Let F = a-\- (3 he & Randers metric on a manifold Af , where 



a{v) = \l a'tj{x)y'-y^ , (3{y) = b^{x)y^ 
with \\l3\\x snpy^T^M P{y)/o^{y) < 1- Define by 

where 6*' :— dx"^ and 6'/ :— Tl^.dx^ denote the Levi-Civita connection forms of 
a. Let 



i ih h ^ ^ h _L h 

S j . — Q '^hj^ • — J, ^ij • — '^ij 1 Oi'Sj OjSi. 

Then are given by 

G' = G' + ~ Soy' + as\, (10) 
where cqo := Cijy'y^ , sq Siy\ s*o := ,y^ and & denote the geodesic 



coefficients of a. See [AIM| 
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According to Lemma 3.1 in |ChSh| 



S = c(n + 1)F eoo = 2c{a^ - (3^). (11) 



where c = c{x) is a scalar function. See also Proposition 5.1 in [ ph3[ in the case 
when c = 0. 

Assume that S = c{n + 1)F for some constant c. Then 

^ & + c{a - (3)y' - sof + as\. (12) 

By a direct computation, one obtains a formula for the Riemann curvature is 
given by 



R\ - R 



+ (so|o^fc - solfcy') + so(so^fe - Sfc2/*) + (^Sfc|o - Solfc)?/' 

-[{c'/3 + 2cs, + s,s^,)(a'5l - ykf) + c'a^[/3Sl - b^f) 
+2ca^(^soSl - Sfcy') - (a's'oifc - 2/fcS*o|o) 

(sjs^odl - Sjs\y''j + (^s\^q - s\^^^ (13) 

Taking the trace of R\, we obtain a formula for the Ricci curvature Ric of 
F which is expressed in terms of the Ricci curvature Ric of a and the covariant 
derivatives of P with respect to a. 

Ric = Ric+(n-l)|c^(a2+/32) + 2c2(Q;2-/32) + so|o + soso} 

+ {2s''o|fe -("-!) (4cso + 2sjS^o + 2c^(3^ }a. (14) 

3 Proof of Theorem ri.l| 

The Finsler metric in Theorem |l.l| is constructed by solving the equation (|l|) , 
i.e., 
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i 




V = {-y,x,0) 

i 



Let V : ^ S+ by 



With this map, the standard Ricmannian metric $ on §^ can be expressed on 
R' by 

{u^ + v^) + {xv — yu)^ 



1 + x'^ + y"^ 



where y — + v-g^ g ^^-jR . The Finsler metric defined by ( |15D is a 
Randers metric F = a + (3, where a = a(y) and /3 = /9{y) are given by 

^[l + (1 - e2)(.T2 + y2)^ (y2 ^ ^2) _|_ 1^]^ _|_ g2 ^ ^ j^2~j _ yu)^ 



/?: = - 



(l + (1 - e2)(a;2 + y2)^ ^1 + 2;2 + y2 
e(a;i; — yu) 



l + (l-e2)(x2+y2)- 



Note that when |e| > 1, F is defined only on the open disk D (r) of radius 
r = l/\/e2 — 1. The corresponding domain on § is a metric disk B{p) around 
the north pole with radius p = sin~^(l/|e|). 

To compute the curvatures of -F, we express it in a polar coordinate system, 
X = rcos(6'), y — rsin(6'). For y = p^+v-^, a — a(y) and (3 — /3(y) are given 

by 



y(l + (l-e2)r2)^2+^2|^l + , 
(l + (l-e2)r2)yrT72 



2 

.2 \ ,,2 
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2 



1 + (1 -e2)r2 



Express a = \/ awy? + a\i[Lv + a2\V[L + 022^^^ and /3 = + 62^^, where 

1 _ r2(l + r2) 

flu — 7:; — ; — ^tt:; — r^:; 5T^' '^12 — L) — '^^21, ^22 — 



(l + r2)(l + (l-e2)r2)' (1 + (1 _ ^2)^2)2 ' 

er 

The geodesic coefficients & and (? of a are given by 



(f + (l-e2)(l + 2r2))r ^ (1 + r2) (l + 2r2 - (f - e2)r2) 



2(1 + r2) (1 + (1 - e2)r2) 2(1 + (1 - £2)^-2) 



2 



r 



r2 _ 1 + 2r2 - (1 - e2)r2 ^^^^ 
(l + r2)h +(l-e2)r2jr 

We immediately obtain the Gauss curvature K of a, 

^ _ 1 - 5e2 + (1 ^ e4)^2 
l + (l-e2)r2 ■ 

Note that for e = ±1, a has negative constant Gauss curvature, 

K = -4. 

Now we are going to find the geodesic coefficients and G^ of F . By (p^, 
we first compute rij^s^^ and s^, etc. A direct computation yields that 

rii = = r22 

ri2 = = ^^21 



(l + r2)(l + (l-e2)r2y 



fill = = S22 
er 

S12 = = -S21 



Si 



S2 



(l + (l-e2)r2y 

- s\ 
er(l + r^) 

1 + (l-e2)r 

e 



r(l + r2) 



(l+r2)(l + (1-62)^2^ 
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We obtain that 



eij := nj + biSj + bjSi = 



This is equivalent to that S = 0. By (|T^ and the above identities, we obtain 

^1 ^1 2 , £7-(l + r^) 

G = G ^ ^ + a v 



(1 + r2)(l + (1 -e2)r2) 



l + (l-e2)^2 



(1 + r2)(l + (1 - e2)r2) r(l + r2) " 

Plugging them into we obtain 

(16) 

We conclude that the Gauss curvature K = 1. 



We can also use (14) and the above identities to verify that K = 1. To do 
so, it suffices to compute so|o and s'^qij,. They are given by 



«o|o = -27 ^2^''' + —, TT- 

[l + rA M+(l-e2)r2j M +(1- £2)^.2 j 

_ e(l- £2)^2(1 + r2)jy 
" 0|fe ^ ; 72" 

l + (l-e2)r2 



Plugging them into (|l^ ) gives 

Ric = F"^. 
We conclude that K = Ric/i^'2 = l. 

Remark 3.1 Express the spherical metric in a radial form 



(i>(y) = \J + sin^(r)w2 



where y = u§^ + v^& T(,, (,)((0, x S^). Take v = ^ e T(,,e)((0, cx)) x S^) 
and define F by (pi) . We obtain 



^^1 — e2 sin^(r)^ + sin^(r)u2 — e sin^ {r)v 
1 — £2 sin^(r) 

F satisfies that K = 1 and S = 0, but it is not locally projectively flat 



^-T7^ ■ (17) 



9 



4 Proof of Theorem \r72\ 



The Finsler metric in Theorem is also constructed by solving the equation 
(§, i.e., 



y _ y 
Fiy) Fiy) 



ev = 1. 



(18) 




The Klein metric $ on D is given by 



*(y) = 



^ [u^ + v"^) — (xv — yuy 
1 - (a;2 + y2) 



where y — {u,v) G T(^x,y)^^- The Finsler metric defined by 
metric F = a + P, where a — a{y) and /? = /3(y) are given by 



is a Randers 



y (l - (1 + e2)(x2 + y2)^ (y2 + y2) _ _ g2 _ (3.2 + j^2)^ (^^y _ y^y 



(l-(l + e2)(x2+y2)jyY^ 



? 9 

-y 



(3: = - 



e{xv — yu) 



l-(l + e2)(a;2+y2)- 

To compute the curvatures of -F, we take a polar coordinate system, x 



rcos(6'), y = rsin(6'). For a vector y — ji-S- + i^-Sg, a = a(y) and /3 = /3(y) are 



given by 



^(l - (1 + e2)r2) ^2 _^ ,.2 _ ^2^ ' 
(l-(l + e2)r2)Vl~72 



l-(l + e 



2V2 ' 
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Express a = \/ ann'^ + ai2fJ,i' + a2ii^/ti + 022;^^ and /? = 61/i + 621', where 

1 r^{l-r^) 

an ^ -p r ai2 = = 021, 022 ^ 



l_(l + e2)r.2)(l-r-2) (1 _ (1 + ^^2) 



2 ' 



61 =0, 62 - 



1 - (1 + e2)r2 • 
The geodesic coefficients and (5^ of a are given by 



(l + (l + e2)(i_2r2))r ^ (l - 2r2 + (1 + e2)r2) (1 - r2)r 



- ^ : '—2 



2(1 -r2)(l-(l + £2)^2^ 2(l-(l + e2)r.2y 



^2 1 - 2r2 + (1 + £2)^2 

{l-r^)(l-{l + e^yjr 

The Gauss curvature K of a is given by 

-l-5e^ + (l-eV 

i_(i + e2),2 • (19) 

We see that K is not a constant unless e = 0. 

Now we are going to find the geodesic coefficients G^ and G^ oi F = a + (3. 
Let rij , Sij , , Sj and Cij as above. A direct computation yields that 

rii = = r22 

ri2 = : — = r2\ 



(l-r2)(l- (l + e2), 



sii = = S22 

er 

S12 = -"2 = -S21 

(1- (l + e2)r2j 

s\ = = s\ 
er(l — r^) 



So = 



Si = 



1- (l + e2)r2 
e 



(l-r2 



2 

e r 



(l-r2)(l-(l + e2)r2j 
S2 = 0. 
We immediately see that 

Cij 1= Tij ~\~ biSj ~\~ hj Si — 0, 
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Thus the S-curvature vanishes, S = 0. By and the above identities, we 
obtain 

1 _ ^1 e^'" 2 <^^(1 ^ 

" (l-r2)(l- (1 + 62)^2) A* + 1 _ (l+e2)^2 

^2 _ ^2 ^^^^ _ e 

(l-r2)(l-(l + e2)^2) A^'^ (1_^2)^"/^- 

Plugging them into (^), we immediately obtain 

R\ = -{F'5l-FFy.f}. (20) 

Thus the Gauss curvature K = — 1. 

We can also use ( p^ and the above identities to verify that K = — 1. To do 
so, it suffices to compute So|o and s'^q|j,. They are given by 

£2^1 - (1 + ^2)^4^ ^ g2^2|^^_ (l_g2)^2^ 

Sq|q = 2 2 ^ 3 — ^ 

(l-r2) (l- (l + e2),.2^ (l - (1 + £2)^.2^ 



* 0|fc 



e(l + e2)r2(l -r2) 



(l-(l + e2)r2^ 
Plugging them into (|l^), we obtain 



Ric = -F^. 



Again, we conclude that K = Ric/F" — — 1 



Remark 4.1 Express the Klein metric in the radial form. 



$(y) — \J -\- sinh (r)u2, 

where y = + € T(^,e)((0, oo) x S^). Take v = ^ e T(^.e)(R x S^) and 
define F by (jlj). We obtain 

W ( 1 — £2 sinh^(r))u2 + smh^ (r)v'^ — esinh^(r)u 

F = -^ , . , , (21) 

1 — e2 sinh (r) 

where y = -it^ + -y^ e T(,,.(,)((0, oo) x S^). F satisfies K = -1 and S = 0, but 
it is not locally projectively flat. 

The Poincare metric on the disk KD^ is given by 



.f,,) . ^fEpL, (22) 

1 — a;^ — 
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where y = u-g^ + v-^ € Tj-^. j^)D . The Poincare metric has negative constant 

curvature K = -1. Take v = -y-§^ + Tf^x.y)^'^ and define F by We 

obtain 

^ e^ixv — yu)"^ + (it^ + w^) — — -ipY ~ f^{x^ + 2/^)^ — ^{xv — yu) 
^ i(l - a;2 - y2)2 _ g2(-2;2 ^ y2-) 

(23) 

F satisfies K = — 1 and S = 0, but it is not locally projectively flat. 



The Riemannian metric a from Theorem 1.1 is given by 



" 1 + + 



where y = + v-^ G T(j._j^)R^. $ has constant curvature K = —4. Take 
Vp = ^2/^ + at p = {x,y) and define by (||). We obtain a Randers 
metric F = a + /3, where a = a(y) and (3 = /3(y) are given by 

\J V? + v"^ + {2 + x"^ + y'^){xv — yu)'^ — e^{xu + yv)'^{l + + y"^) 



(3: 



e(l + + y'^){xv — yw) 



1 - e2(a;2 + y2-j(^i + + y^) ' 
F satisfies K = — 4 and 8 = 0, but it is not locally projectively flat when e 7^ 0. 



5 Proof of Theorem 11.3 



Let $ denote the Funk metric on D'^. It is given by 



^ (u^ + 1'^) — {xv — yuy + xu + yv 



1 — a;2 — y2 



where y = u-^ + v-^ e T(j; j,)llJ) . The Finsler metric in Theorem |1.3| is defined 
by (|^). Solving the equation (|^), we obtain 



\ + v'^ — f e{xu + yv) + {xv — yu) j + {xu + yv) — e{xv — yu) 

p 1 1 (24) 

l-(l + e2)(a;2+y2) • V ; 



where y = u-^ + v-^ G j,-)R^. F — a + P is a, Randers metric on the disk 
©^(p) with p — I/a/I + e^, where a and /3 are given by 



y''u2 + ti2 — ^e(xu + yu) + {xv — yu)^ 
l-(l + e2)(a;2+y2) 
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(xu + yv) — t{xv — yu) 
^ " l-(l + e2)(x2+y2) 

To compute the curvatures oi F = a + P, we express the Randers metric in a 
polar coordinate system x — rcos9,y = rsm9. For a vector y = + z/^, 
a = a{y) and (3 = (5{y) are given by 



a 



1 - (1 + e2)r2 



1 - (1 + e2)r2 ■ 



Express a = ^/an^j? + ai2fJ,i' + a2ii'fJ, + aiiv^ and /? = 6i/x + where 

1 - e2r2 



On 



(1 - (1 + e2)r2) 



2 ' 



ai2 — — ; — 2 = 0^21, 



0122 



(1- (l + e2)r2y 
(1- (l + e2)r2y 



er2 



l-(l + e2)r2' ' i_(i + e2)^2- 
The geodesic coefficients and (52 of a are given by 

(e2-5e2r2-eV + 2-2r2)r ^ e(l - r2 + e2r2)r2 

2(l-(l + e2)r2) (^1 _ (1 + e2-)^2^ 

(l-r2 + e2,.2j(l_,.2)r 



2(1- (l + e2)r2y 



e(-3 + r2+3e2r2) ^ (1 _ ^2^2) (^^ _ ^2 + ^2^2^ 

(j = — jjb H 2 

2(1- (l + e2)r2) (^1 _ (1 + e2)^2^ ^ 



e^l - r2 + e2r2jr 



2^2 \ ^2 

.,2 



2(1- (l + e2)r2) 
The Gauss curvature K of a is given by 



r:4^-2 
1- (l + e2)r2 
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We see that K is not a constant unless e = 0. 

Now we are going to find the geodesic coefficients and of F = a + 
Let rij , Sij , s''j , Sj and as above. A direct computation yields that 



rii 

f22 
Sl2 



1 - - 3e"r 



2^2 



2V2 



e(l - £2)^3 



(l-(l + e2)r2y 



(l-(l + e2)r2y 



S22 



(l - (1 + e2)Hy 



r2i 



= -S21 



s 1 = - 



2 
S 1 



1 - (l + e2)r-2 
er(l — r^) 
1 - (1 + e2)r2 

e(l - £2^2) 
"(1- (l + e2)r2)r 



S2 



1 - (l + e2)r2 

^^2 



1 - (l + e2)r2' 



We immediately see that 



eij := rij + biSj + bjS^ = - hibj. 



(26) 



By Lemma 3.1 in [ChSh|, ( |26| ) is equivalent to that 

-I- 

By ( p^ ) and the above identities, we obtain 



G' 



G^ + -{a-(3)ti~ ^ V , 2/2 ^ 



G2 + i(a-/3)i^ 



1- (l + e2)r- 
1 - (1 + £2)7-2 



l-(l + e2 



a 



-(l-(l + e2)r2) 
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Plugging them into (^), we immediately obtain 

Thus the Gauss curvature K = —1/4. 

We can also use ( [l^ ) to verify that K = — 1/4. To do so, it suffices to 
compute so|o and s'^q|j,. They are given by 

e^(l + - e^r^) , 4e^r^ e^r^{l - P + e'^r^) , 

«o|o - -3 M - 73 + TIT " 

n-(l + e2)r2j M-(l + e2)r2j /i_(i + g2)^2j 

£2(1^^2)^3 ^ ^2)^2(1 _ ^2) 

n-(l + e2)r2j h-(l + e2)r2j 

Plugging c — 1/2 and the above identities into j ]!^ ) gives 

Ric = -^^2. 

4 

We conclude that K = Ric/F2 = -1/4. 



Remark 5.1 Below is a byproduct. Let 



a : 



<^ m2 + t;2 — ^e{xu + yv) + [xv — yu)^ 
l-(l + e2)(2;2+2;2) 

^(1 - (1 + e2)(a;2 + y2)^ (^2 „2) - - £2 _ (,j,2 _^ 2^2)^ _ yy)2 

(1 - (1 + e2)(a;2 _^ y2)^ ^1 - a;2 - y2 



a and a are two Riemannian metrics on D (p) with radius p = + . 

According to ( |l9|) and (^), The Gauss curvatures of a and a are equal and 
given by 

^ -l-5£2 + (l-e4)(a;2+y2) 

1- (l + e2)(a;2+y2) • 
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